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Abstract
A necessary condition for the existence of a resolvable balanced incomplete block design on
v points with k = 7 and  = 6 is that v  0mod 7. This condition is shown to be sucient
for v> 462, with 18 possible exceptions plus one known exception (v = 14) below this value.
Also considered are the existence of (v; 7; 6)-NRDs, (7; 6)-frames of type 7t and (7; 6)-resolvable
GDDs of type 7t . c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let K be a set of positive integers and  a positive integer.
A group divisible design (K; )-GDD is a triple (X;G;B) satisfying the following
properties:
1. X is nite set of points,
2. G is a partition of X into subsets called groups,
3. B is a collection of subsets of X with sizes from K , called blocks, such that every
pair of points from distinct groups occurs in exactly  blocks, and
4. no pair of distinct points belonging to the same group occurs in any block.
The group type (or type) of the GDD is the multiset (jGj: G 2 G). We will use the
usual exponential notation to describe types. Thus a GDD of type tu11 : : : t
un
n is one in
which there are ui groups of size ti; 16i6n.
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When K = fkg, we write (K; )-GDD as (k; )-GDD. A (K; )-GDD of type of 1v
is called a pairwise balanced design, denoted by (v; K; )-PBD. If the block size is
uniform, with K = fkg, then such a PBD, i.e. a (k; )-GDD of type 1v, is called a
balanced incomplete block design, denoted by (v; k; )-BIBD. A transversal design,
denoted by TD(k; v), is a (k; )-GDD of type vk ; when =1, the subscript is usually
omitted. An incomplete transversal design (ITD), denoted by TD(k; v)−TD(k; h), is a
TD(k; v) with a (sometimes hypothetical) sub-TD(k; h) removed.
A GDD or a BIBD is said to be resolvable if its collection of blocks can be
partitioned into resolution classes each of which spans the set of points. We de-
note them by (K; )-RGDD or (v; k; )-RBIBD, respectively. An incomplete RBIBD
or (v; k; ;w)-IRBIBD is a (v; k; )-RBIBD with a (possibility hypothetical) (w; k; )-
RBIBD subdesign removed; it should be noted that the resolution classes of the IR-
BIBD either span all v points, or only the non-missing v − w points. An incomplete
RGDD can be dened in a similar way; the reader is referred to [8] for its formal
denition.
A resolution of a design is a partition of its blocks into resolution classes. Some
resolvable designs may contain more than one resolution. Two resolutions in a design
are called orthogonal if no resolution class in one has more than one block in common
with any resolution class in the other. Any design possessing two orthogonal resolutions
is called doubly resolvable.
A class of GDDs, frames, plays an important role in the construction of resolvable
designs. A (k; )-frame is a (k; )-GDD (X;G;B) in which the collection of blocks
B can be partitioned into holey resolution classes each of which partitions X−G for
some group G 2 G.
A (k; k − 1)-frame of type 1v is commonly called a near resolvable design, denoted
by (v; k; k−1)-NRD. In this case, the holey resolution classes are called near resolution
classes.
A well-known outstanding problem of design theory has been the determination
of the existence of (v; k; )-RBIBDs. The necessary conditions for the existence of a
(v; k; )-RBIBD are
1. (v− 1)  0mod (k − 1),
2. v  0mod k.
The necessary conditions were proved in [12,11] to be sucient for any k and  if
v is large enough. The existence of a (v; k; )-RBIBD is completely settled for k =3; 4
(see e.g. [8]) and is almost settled for k=5 (see [3]). For k=6, the reader is referred
to [8] for detailed discussion. For k = 7, there are four basic cases:  = 1; 2; 3; 6. The
necessary conditions then become the following:
1. v  7mod 42 for = 1,
2. v  7mod 21 for = 2,
3. v  7mod 14 for = 3,
4. v  0mod 7 for = 6.
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In [9], (v; 7; 1)-RBIBDs were constructed for all integers v  7mod 42 with
v>294469. In [8], (v; 7; 6)-RBIBDs were constructed for all integers v  0mod 7
with v>33943. One major purpose of this paper is to construct new RBIBDs with
k = 7 and = 6. The main result is stated in the following.
Theorem 1.1. A (v; 7; 6)-RBIBD exists if and only if v  0mod 7 with the exception
of v=14 and possible exceptions of v 2 f84; 119; 126; 133; 175; 182; 189; 210; 231; 238;
259; 266; 287; 413; 420; 427; 434; 462g.
To establish this result, we will construct several small frames, RGDDs, NRDs and
RBIBDs by the method of dierences. A construction for near resolvable designs used
by Yin and Miao [15] is generalized. Recursive constructions, using NRDs, frames and
RGDDs as ingredients, are used to produce larger (v; 7; 6)-RBIBDs. The corresponding
new results on NRDs, frames and RGDDs are also provided. They are listed in the
following.
Theorem 1.2. A (v; 7; 6)-NRD exists if and only if v  1mod 7 with the possible
exceptions of v 2 f183; 246; 267; 274; 295g.
Theorem 1.3. A (7; 6)-frame of type 7t exists if and only if either t 2 f0; 1g or t>8
with the possible exceptions of t 2 f16; 18; 24; 26; 28; 30; 32; 34; 35; 38; 39; 40; 42; 44;
45; 46; 48; 51; 52; 54; 55; 56; 58; 60; 62; 63; 66; 68; 69; 70; 75; 76; 77g.
Theorem 1.4. A (7; 6)-RGDD of type 7t exists if and only if either t 2 f0; 1g or t>7
with the possible exceptions of t 2 f11; 12; 16; 17; 18; 19; 23; 24; 25; 26; 27; 30; 31; 32; 33;
34; 37; 38; 39; 40; 41; 44; 45; 46; 47; 48; 51; 52; 53; 54; 58; 59; 60; 61; 62; 66; 67; 68; 69; 75; 76g.
2. Direct constructions
When constructing designs directly, we mostly use the standard approach of taking
the point set X to consist of the elements of an additive group G plus (possibly) a
few innite points not belonging to G. The number of innite points is usually 7 but
is sometimes 0 or 1. We then give a number of blocks which are developed additively
over G, and sometimes using a few extra automorphisms, usually of order 3.
Lemma 2.1. There exist (7; 6)-frames of type 7n for n 2 f10; 14; 20g.
Proof. Let the point set be X = Z7(n−1) [Y, where Y = f10; : : : ;16g. Multiply the
given blocks below by 1, w and w2 where w=4; 16; 11, respectively, for n=10; 14; 20.
In addition, for i = 1; 4, when multiplying any given block by 1; w; w2;1i should be
replaced by 1i ;1i+1 and 1i+2, respectively. In all 3 cases, this produces n distinct
base blocks. Also the 7 points in the rst base block are all distinct mod 7; as a
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result the translates of this block form 7 holey resolution classes on the non-innite
points. The remaining n − 1 base blocks form a holey resolution class missing the
group f0; n− 1; : : : ; 6(n− 1)g; by cycling these mod 7(n− 1) under a further additional
rule that u+1i=1i for any u 2 Z7(n−1) and any i 2 f0; 1; : : : ; 6g, we obtain 7(n− 1)
additional holey resolution classes:
n= 10: f0; 1; 4; 16; 26; 38; 41g; f2; 8; 10; 21; 32; 34; 40g;
f11; 42; 43; 44; 46; 50; 58g; f10; 13; 14; 19; 35; 52; 56g;
f11; 3; 23; 26; 31; 37; 51g; f14; 16; 20; 30; 33; 49; 62g:
n= 14: f0; 1; 10; 12; 16; 69; 74g; f10; 9; 11; 29; 53; 85; 86g;
f1; 17; 38; 46; 49; 61; 68g; f6; 12; 33; 42; 43; 47; 63g;
f11; 18; 23; 25; 32; 41; 72g; f14; 22; 40; 44; 54; 59; 84g:
n= 20: f0; 1; 5; 11; 55; 73; 121g; f10; 4; 17; 44; 54; 62; 85g;
f1; 21; 25; 60; 80; 102; 105g; f10; 22; 37; 39; 43; 52; 53g;
f18; 27; 36; 66; 73; 119; 127g; f34; 45; 48; 97; 103; 115; 117g;
f11; 12; 24; 26; 49; 86; 101g; f14; 23; 28; 56; 71; 81; 107g:
Lemma 2.2. There exist (7; 6)-RGDDs of type 7u for u 2 f10; 14; 20g.
Proof. Below are the initial base blocks for these designs; they are obtained in the
same manner as those in the previous lemma, except that here, the n distinct base
blocks obtained form a resolution class. Cycling them mod 7(n − 1) gives a total of
7(n− 1) resolution classes as required.
n= 10: f10; 0; 1; 4; 16; 21; 42g; f3; 6; 19; 20; 25; 35; 49g;
f11; 9; 15; 23; 44; 47; 55g; f14; 2; 27; 30; 40; 41; 43g:
n= 14: f0; 3; 10; 12; 40; 48; 69g; f10; 1; 15; 16; 18; 58; 74g;
f13; 14; 17; 23; 29; 50; 70g; f30; 34; 37; 41; 65; 71; 83g;
f11; 5; 21; 24; 55; 79; 88g; f14; 11; 32; 33; 56; 62; 68g:
n= 20: f0; 3; 5; 33; 55; 73; 97g; f10; 4; 8; 37; 44; 85; 88g;
f1; 21; 32; 36; 103; 109; 126g; f17; 27; 45; 47; 59; 70; 72g;
f6; 41; 92; 99; 108; 114; 131g; f18; 20; 23; 89; 106; 107; 110g;
f11; 7; 29; 35; 42; 43; 60g; f14; 19; 39; 79; 82; 83; 132g:
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Lemma 2.3. There exist (7; 6)-RGDDs of types 79 and 713.
Proof. For type 79, let the point set be X = (Z7  GF(8; x3 = x + 1)) [ Y, where
Y = f10; : : : ;16g. The following base blocks form a resolution class and should be
cycled mod (7; 23) under the additional rule that (s; t) +1i =1i for any (s; t; i) 2
Z7  GF(8) f0; 1; : : : ; 6g:
f(0; a); (1; ax); (2; ax2); (3; ax3); : : : ; (6; ax6)g for a= 1; x6 and
f1i ; (i; 0); (i; x3+i); (i; x5+i); (i + 1; x2+i) (i + 2; x4+i); (i + 4; x1+i)g for i 2 Z7.
For type 713, let X = (GF(4; x2 = x + 1)  Z21) [ Y, where Y = f10; : : : ;16g.
Multiply the following base blocks (except B1) by (1; 1); (x; 4) and (x2; 16) and cycle
the resulting 13 blocks mod (22; 21) under the additional rule (s; t) +1i =1i for
any (s; t) 2 GF(4)  Z21 and i 2 f0; 1; : : : ; 6g. Also, for i = 1; 4, when multiplying
the above blocks by (1; 1); (x; 4) and (x2; 16); 1i is replaced by 1i ;1i+1 and 1i+2,
respectively. Groups on the non-innite points are translates of f(0; 0); (0; 3); (0; 6); : : : ;
(0; 18)g.
B1 = f10; (0; 0); (0; 7); (0; 14); (1; 1); (x; 4); (x2; 16)g;
B2 = f(0; 5); (0; 10); (1; 0); (1; 8); (1; 13); (x2; 1); (x2; 6)g;
B3 = f(0; 8); (1; 10); (1; 18); (x; 3); (x; 20); (x2; 3); (x2; 14)g;
B4 = f11; (0; 15); (0; 16); (1; 11); (1; 15); (x2; 7); (x2; 18)g;
B5 = f14; (0; 6); (1; 2); (1; 16); (x; 5); (x; 13); (x2; 5)g:
Lemma 2.4. There exist (7; 6)-frames of types 712 and 721.
Proof. For type 712, take X=GF(4; x2 = x+ 1) Z21, and G= ff(a; i); (a; i+ 3); : : : ;
(a; i + 18)g: a 2 GF(4); i = 0; 1; 2g. Consider the following base blocks:
B1 = f(0; 7); (1; 2); (1; 6); (x; 3); (x; 8); (x2; 11); (x2; 12)g;
B2 = f(0; 14); (1; 10); (1; 12); (x; 6); (x; 19); (x2; 3); (x2; 13)g;
B3 = f(0; 1); (0; 17); (1; 1); (1; 9); (1; 11); (x; 9); (x2; 4)g;
B4 = f(0; 10); (1; 0); (1; 7); (1; 20); (x; 5); (x; 10); (x2; 6)g;
B5 = f(0; 8); (1; 5); (1; 15); (1; 19); (x; 14); (x2; 1)(x2; 2)g:
Multiply the last 3 of these base blocks by (xi; 4i) for i = 0; 1; 2. This gives a holey
resolution class missing the group containing the points (0; t) for t = 0; 3; 6; : : : ; 18.
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For type 721, take X = Z147. The initial base blocks are:
B1 = f17; 20; 49; 52; 103; 110; 139g; B2 = f18; 23; 30; 53; 71; 98; 99g;
B3 = f16; 22; 28; 66; 102; 104; 130g; B4 = f19; 24; 54; 68; 85; 94; 140g;
B5 = f8; 25; 32; 33; 38; 89; 142g; B6 = f55; 70; 78; 114; 125; 128; 137g;
B7 = f5; 14; 40; 60; 87; 107; 136g; B8 = f9; 11; 45; 48; 57; 61; 79g:
Multiply the last 6 of these base blocks by 1, 67, 79. The resulting 20 blocks form a
holey resolution class missing the group f0; 21; 42; : : : ; 126g.
In [8, Theorems 2:6:19, 2:6:21], the existence of (p;p−1)-frames of type pq for p; q
both odd prime powers with p<q was investigated. Extensive results were obtained,
although the proof for p<q< 2p with q  3mod 4 was not correct. Since then, in
[2], more extensive results have been found; we summarize the most important of these
in the next lemma.
Lemma 2.5. Suppose p; q are odd prime powers where p<q and at least one of
p; q  3mod 4. Then a (p;p − 1)-frame of type pq exists; except possibly when
q= p+ 2; q  7; 11 or 15mod 16 and q>11.
Corollary 2.6. There exists a (7; 6)-frame of type 7q for any odd prime power q>9.
We now provide direct constructions for a few new 1-rotational (v; 7; 6)-RBIBDs
and NRDs.
Lemma 2.7. If v 2 f35; 42; 112g, then a 1-rotational (v; 7; 6)-RBIBD over Zv−1[f1g
exists.
Proof. For v= 35, the base blocks which form a resolution class are:
f0; 2; 4; 8; 11; 14; 17g; f3; 6; 13; 16; 24; 25; 32g; f1; 7; 9; 23; 27; 28; 29g;
f12; 19; 20; 21; 26; 30; 31g; f1; 5; 10; 15; 18; 22; 33g:
For v= 42, take the following base blocks:
f1; 0; 3; 7; 13; 29; 30g; f8; 15; 17; 18; 25; 34; 36g; f9; 10; 14; 20; 22; 23; 28g;
f1; 2; 5; 11; 26; 31; 35g; f19; 21; 24; 33; 37; 38; 40g; f4; 6; 12; 16; 27; 32; 39g:
For v = 112, 6 initial base blocks are given below. Multiply the last ve by 1, 10
and 100 to give a total of 16 base blocks which form a resolution class:
f1; 0; 1; 10; 37; 74; 100g; f9; 23; 39; 43; 60; 66; 78g; f2; 21; 32; 65; 85; 103; 108g;
f7; 13; 22; 38; 42; 53; 54g; f16; 17; 36; 41; 50; 63; 68g; f18; 25; 40; 71; 76; 106; 110g:
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Lemma 2.8. There exist 1-rotational (v; 7; 6)-RBIBDs for v= 49; 77.
Proof. For v= 49, take X = Z3  GF(16) [ f1g and let x be a primitive element in
GF(16) satisfying x4 = x + 1. Here we dene an automorphism T of order 3 on the
points by T (y; z) = (y + 1; zx5). Applying this automorphism to B2; B3 and combining
the resulting blocks with B1 gives 7 base blocks which form a resolution class. Cycle
them mod (3; 24).
B1 = f1; (0; 1); (0; x); (1; x5); (1; x6); (2; x10); (2; x11)g;
B2 = f(0; x2); (0; x4); (0; x10); (0; x14); (1; x3); (1; x11); (2; x4)g;
B3 = f(0; 0); (0; x7); (0; x8); (0; x11); (1; x10); (2; x7); (2; x13)g:
For v= 77, take X=GF(22; x2 = x+ 1) Z19 [ f1g. Multiply B3; B4; B5 below by
(xi; 7i) for i=0; 1; 2. The resulting blocks together with B1; B2 form a resolution class.
B1 = f1; (1; 0); (1; 12); (x; 0); (x; 8); (x2; 0); (x2; 18)g;
B2 = f(0; 0); (1; 1); (1; 4); (x; 7); (x; 9); (x2; 11); (x2; 6)g;
B3 = f(0; 3); (0; 7); (0; 9); (0; 16); (1; 14); (1; 16); (x; 1)g;
B4 = f(1; 7); (1; 13); (x; 5); (x; 16); (x2; 4); (x2; 8); (x2; 9)g;
B5 = f(0; 15); (0; 18); (1; 10); (x; 14); (x2; 12); (x2; 13); (x2; 14)g:
Lemma 2.9. There exists a 1-rotational (v; 7; 6)-NRD for v= 50.
Proof. Take X = GF(72; x2 = 3x + 2) [ f1g. Let:
B1 = f0; 1; 2; 3; 4; 5; 6g;
B2 = f1; x; 2x; 4x; 3x + 2; 5x + 1; 6x + 4g;
B3 = f2; x + 2; x + 6; 4x + 6; 5x; 5x + 5; 6x + 5g;
B4 = f6; x + 4; 2x + 6; 4x + 4; 6x + 1; 6x + 2; 6x + 3g:
Adding each of 0; x; 2x; : : : ; 6x to B1 gives a near resolution class missing 1. Multiply
B3; B4 by 1; 2 and 4; the resulting 6 blocks together with B2 form a near resolution
class missing 0. Cycle these 7 blocks mod 72.
Lemma 2.10. There exists a (7; 3)-frame of type 48.
Proof. For this design, take X=Z32; groups are fa; a+8; a+16; a+24g for 06a67.
The 64 blocks are obtained by adding 0; 2; 4; : : : ; 30 to each of the following 4 blocks.
Adding 0; 8; 16; 24 to the 1st or 2nd block gives a holey resolution class missing the
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group f0; 8; 16; 24g, while adding 0; 8; 16; 24 to the 3rd or 4th block gives a holey
resolution class missing the group f5; 13; 21; 29g.
f2; 4; 6; 1; 5; 11; 23g; f2; 6; 12; 3; 17; 21; 23g;
f2; 4; 16; 22; 9; 11; 15g; f2; 12; 24; 30; 15; 25; 27g:
3. Constructions using resolvable TDs
In [15,8], a resolvable TD determined by a latin rectangle was introduced and used
to construct near resolvable designs and resolvable BIBDs with  = k − 1 which are
too large to nd directly yet too small to nd using the usual recursive techniques. In
this section, we provide a generalization to these constructions. It will be used later to
determine the existence of several (v; 7; 6)-NRDs which were listed as unknown cases
in [8].
We begin with some denitions. An r n matrix L=(lij), with r6n, over an n-set
S is an r  n latin rectangle if the elements in every row and column are distinct.
Let G= fg0 = 0; g1; : : : ; gm−1g be an additive group of order m, and let L= (lij) be a
k(m−1) latin rectangle over G−f0g whose rows are indexed by Ik=f0; 1; : : : ; k−1g
and whose columns are indexed by Jm−1 = f1; 2; : : : ; m − 1g. Denote by A the union
of the following m collections of k-subsets of Ik  G:
A0 = fAg0 = f(i; g): i 2 Ikg: g 2 Gg;
At = fAgt = f(i; g+ lit): i 2 Ikg: g 2 Gg; t 2 Jm−1:
Let G = ffsg  G: s 2 Ikg. If (Ik  G;G;A) is a resolvable TD(k; m) such that
A0;A1; : : : ;Am−1 form its m mutually disjoint resolution classes, then we call it a
resolvable TD(k; m) determined by the latin rectangle L standard, not emphasized.
RTDL(k; m).
We note that Bg = fAgj: Agj 2Aj; j 2 f0g [ Jm−1g for g 2 G are also m mutually
disjoint resolution classes of the RTDL(k; m), such that A= fAt : t 2 f0g[ Jm−1g and
B = fBg: g 2 Gg are two orthogonal resolutions of this TD. Note that here we have
At \Bg = fAgtg and thus jAt \Bgj= 1 for all t 2 f0g [ Jm−1 and g 2 G.
The following Theorem 3.1 which constructs resolvable BIBDs with  = k − 1 by
means of a resolvable TD determined by a latin rectangle was described in [8]. A
dierence family is required for this construction.
Let G be an additive group and B = fb1; : : : ; bkg be a subset of G. Dene the
development of B as devB = fB + g: g 2 Gg, where B + g = fb1 + g; : : : ; bk + gg for
g 2 G. Let F= fB1; : : : ; Bsg be a family of subsets of G, and dene the development
of F as devF=
S
16i6s devBi. If (G; devF) is a (jGj; k; )-BIBD, then F is called
a dierence family, denoted by (jGj; k; )-DF. The subsets B1; : : : ; Bs are called base
blocks of the BIBD. The block orbit containing Bi is the set fBi+g: g 2 Gg of distinct
blocks. If a block orbit has jGj distinct blocks, then this block orbit is said to be full,
and short otherwise. A block in the short orbit will be called a short block.
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Theorem 3.1 (Furino et al. [8], Theorem 3.7.1). Let m; n; w and k be positive integers
such that m  0mod k; n  w  k−1mod k and 16w6n. Suppose that the following
ingredient designs exists:
(1) an RTDL(m; n) over Im  G where G is an additive group of order n;
(2) an (n+1; k; k−1)-RBIBD over G[f1g which can be generated by a dierence
family over G;
(3) an (m; k; k − 1)-RBIBD;
(4) an (m+ 1; k; k − 1)-NRD; and
(5) a (w + 1; k; k − 1)-RBIBD.
Then there exists an (mn+ w + 1; k; k − 1)-RBIBD.
The following is similar to Theorem 3.1. It will be used later when we give recursive
constructions for (7t; 7; 6)-NRDs.
Theorem 3.2. Let m; n; w and k be positive integers such that m  n  w  0mod k
and k6w6n. Suppose that the following ingredient designs exist:
(1) an RTDL(m; n) over Im  G where G is an additive group of order n;
(2) an (n+1; k; k− 1)-NRD which can be generated by a dierence family with one
short block over G [ f1g; where 1 is a new element not belonging to G;
(3) an (m; k; k − 1)-RBIBD;
(4) an (m+ 1; k; k − 1)-NRD; and
(5) a (w + 1; k; k − 1)-NRD.
Then there exists an (mn+ w + 1; k; k − 1)-NRD.
Proof. Let (Im  G; ffsg  G: s 2 Img;A) be an RIDL(m; n) where L = (‘ij); i 2 Im;
j 2 Jn−1, is a latin rectangle. For the convenience of notation, we may dene ‘i0 = 0
for all i 2 Im. Note that the collection of blocks A can be partitioned into n mutually
disjoint resolution classes in two ways, At ; 06t6n− 1, and Bg, g 2 G, where
At = fAgt = f(i; g+ ‘it): i 2 Img; g 2 Gg; t 2 f0g [ Jn−1
and
Bg = fAgj: Agj 2Aj; j 2 f0g [ Jn−1g; g 2 G
such that A=fAt : t 2 f0g[Jn−1g and fB=Bg: g 2 Gg are two orthogonal resolutions
of this TD.
Write G = fg0 = 0; g1; : : : ; gn−1g, and let 1 be an innite point not contained in G.
Dene F to be the set of w new innite points f10;11; : : : ;1w−1g which is disjoint
from G[f1g. We will construct an (mn+w+1; k; k−1)-NRD over (ImG)[F[f1g
as follows.
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Let D0 be the unique short block of the (n+ 1; k; k − 1)-NRD over G [ f1g. Then
D0 is a subgroup of order k of G so that D0 does not contain 1. Let
D1 = f1; g1; : : : ; gk−1g;
D2 = fgk ; gk+1; : : : ; g2k−1g;
...
D n = fg( n−1)k ; g( n−1)k+1; : : : ; g nk−1g;
where n= n=k, be its remaining base blocks. For any s 2 Im, dene
Ds0 = fsg  D0;
Ds1 = fsg  D1 = f1; (s; g1); : : : ; (s; gk−1)g;
Ds2 = fsg  D2 = f(s; gk); (s; gk+1); : : : ; (s; g2k−1)g;
...
Ds n = fsg  D n = f(s; g( n−1)k); (s; g( n−1)k+1); : : : ; (s; g nk−1)g:
Clearly, these blocks generate an (n + 1; k; k − 1)-NRD over (fsg  G) [ f1g under
the action of G for any s 2 Im.
We choose a suitable w-subset T of G, say T=fg00; g01; : : : ; g0w−1g, such that G−T is a
union of some non-short blocks not containing 1. In this case, fg1; : : : ; gk−1gT . Let
w= w=k. Then, without loss of generality, we may assume that G − T = fgw; gw+1; : : : ;
gn−1g. Adjoin w innite point of F to w resolution classes Bg0f for 06f6w−1. This
creates an (fm;m+ 1g; 1)-RGDD of type nww1 with groups ffsg  G: s 2 Img [ fFg
admitting a partition of blocks into the following n mutually disjoint resolution classes:
A^j = fAg0fj [ f1fg: g0f 2 Tg [ fAgj: g 2 G − Tg; j 2 f0g [ Jn−1:
Now, starting from this RGDD over (ImG)[F , We can get an (mn+w+1; k; k−
1)-BIBD over (Im  G) [ F [ f1g by the following operations: replacing each group
fsg  G; s 2 Im, by an (n+ 1; k; k − 1)-NRD over (fsg  G) [ f1g with base blocks
Dsi; 06i6 n; replacing F by an (w + 1; k; k − 1)-NRD over F [ f1g; replacing each
block of size m by an (m; k; k − 1)-RBIBD; replacing each block of size m+ 1 by an
(m+ 1; k; k − 1)-NRD.
We can show that the resulting (mn+w+1; k; k−1)-BIBD over (ImG)[F [f1g
is in fact near resolvable. In what follows, for any S  Im  G and g 2 G, we use
the notation S + g to denote the set fa + g: a 2 Sg where G operates on Im  G
by the rule that (s; h) + g = (s; h + g). For each block A of size m + 1, we use
Dx(A) to denote the near resolution class missing x in the (m + 1; k; k − 1)-NRD
which was used to replace A. For each block A of size m, we denote the m − 1
resolution class of the (m; k; k−1)-RBIBD by Ei(A); 16i6m−1. Similarly, we write
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F1f and F1 for the near resolution class missing 1f and 1, respectively, in the
(w + 1; k; k − 1)-NRD over F [ f1g. We can partition the blocks of the resulting
(mn+ w + 1; k; k − 1)-BIBD into near resolution classes as follows, where it ; i 2 Im;
t 2 f0g [ Jn−1 is a near resolution class missing (i; ‘it); f is a near resolution class




































D(0; g0f+‘0t)(Ag0ft [ f1fg)
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where R1 is the near resolution of (n + 1; k; k − 1)-NRD over G [ f1g missing
1.
The following theorem is an existence result on RTDL(k; m)s.
Theorem 3.3 (Yin and Miao [15]). Let R be a commutative ring of order m with
unity. Suppose that there exists a set of k distinct units whose dierences are also
units. Then there exists an RTDL(k; m) over Ik  R.
Remark 3.4. Since dierence matrices are apparently more widely studied objects than
latin rectangles (see e.g. [5]), it is worth noting that the two are equivalent over an
additive group. A standardized (k; m) dierence matrix over an additive group G of
order m is a k by m matrix with zeros in the rst row and column, and with the property
that the m dierences between any two rows span G. Deleting the rst row and column
yields an RTDL(k − 1; m) over Ik−1  G. From the viewpoint of our construction, in
addition to the structure that the group G yields, we also exploit the fact that the
RTDL(k − 1; m) is actually doubly resolvable, with two orthogonal resolutions.
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4. Recursive constructions for designs with k = 7,  = 6
Our objective in this section is to try to determine the following three sets.
Denition 4.1. (1) t 2 D-set if and only if a (7; 6)-RGDD of type 7t exists.
(2) t 2 F-set if and only if a (7; 6)-frame of type 7t exists.
(3) t 2 R-set if and only if a (7t; 7; 6)-RBIBD exists.
4.1. (v; 7; 6) -NRDs
In [8, Theorem 4:5:1:13], the following result was established:
Theorem 4.2. If v  1mod 7 and v 62 f85; 99; 141; 148; 183; 246; 267; 274; 295; 365; 386;
589; 596; 603g; then a (v; 7; 6)-NRD exists.
Some improvements to this theorem can be obtained. For instance, for v=85; 99; 141
and 148, a (7; 6)-frame of type 7(v−1)=7 was given in Section 2; by adding an innite
point to these frames and forming an (8; 7; 6)-NRD on each group plus the innite point,
a (v; 7; 6)-NRD is obtained. For v=365; 386, use Theorem 3.2 with m=7, n=49 and
w=21 or 42; here the required 1-rotational (50; 7; 6)-NRD over GF(49)[f1g comes
from Lemma 2.9. Finally, for v=589; 596; 603; start with a TD(10; 9) and truncate one
group to size w=3; 4 or 5 giving a (f9; 10g; 1)-GDD of type 99w1. Since (7; 6)-frames
of type 7t exist for t = 9; 10, we can apply Theorem 4.4 (described later) to obtain a
(7; 6)-frame of type (63)9(7w)1. Again add an innite point and use (t; 7; 6)-NRDs for
t = 64; 22; 29; 36 for the ll in.
Therefore, we have the following improvement on Theorem 4.2.
Theorem 4.3. If v  1mod 7 and v 62 f183; 246; 267; 274; 295g; then a (v; 7; 6)-NRD
exists.
4.2. (7; 6)-frames of type 7t
These frames are useful ingredients for constructing (7; 6)-RGDDs of type 7t and
(v; 7; 6)-RBIBDs, which we study later, but are also of interest in their own right. In
this subsection we will give a list of unknown (7; 6)-frames of type 7t , and in particular,
will show that such frames exist for all t>78.
The following theorems represent two of the most commonly used constructions for
frames. For their proofs, see [13], or [8, Theorems 2:4:2, 2:4:5].
Theorem 4.4. Let (X;G;B) be a (K; 1)-GDD and let w : X!N[f0g be a weighting
of the points. For each B 2 B; suppose there is an \ingredient" (k; )-frame of type
(w(x): x 2 B). Then there is a (k; )-frame of type (Px2G w(x): G 2 G).
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Theorem 4.5. Suppose a (k; )-frame of type (t1; t2; : : : ; tn) exists and an RTD(k; g)
exists. Then there exists a (k; )-frame of type (gt1; gt2; : : : ; gtn).
For t < 80, most of the known (7; 6)-frames of type 7t come from the following
lemma:
Lemma 4.6. A (7; 6)-frame of type 7t exists if any of the following holds:
(1) t  1mod 7; t 62 f183; 246; 267; 274; 295g;
(2) t is an odd prime power >9;
(3) 86t615 or t 2 f20; 21g.
Proof. From the previous subsection, there exists a (t; 7; 6)-NRD which can also be
considered as a (7; 6)-frame of type 1t for t  1mod 7; t 62 f183; 246; 267; 274; 295g.
By Theorem 4.5 we can inate it with an RTD(7; 7) to give a (7; 6)-frame of type
7t . For Case 2, we use Corollary 2.6. All the remaining values here in Case 3 were
constructed in Section 2.
Lemma 4.7. If t 2 f33; 65; 72; 73; 74g or t>80; then a (7; 6)-frame of type 7t exists.
Proof. This result comes from Theorem 4.4. For t = 33, and (8; 1)-GDD of type 733
is obtainable by deleting one point from a (233; 8; 1)-BIBD [7]; give each point a
weight of 1, and use a (7; 6)-frame of type 18 as the ingredient in Theorem 4.4 to
give a (7; 6)-frame of type 733. For t 2 f65; 72; 73; 74g; 806t6100, or t>583, we
have a (t; f8; 9; 10g; 1)-PBD by [6]; since (7; 6)-frames of type 7t exist for t = 8; 9; 10;
the result now follows from Theorem 4.4, giving every point a weight of 7. It is
also not hard to conrm that any integer t in the range [101; 582] (except 103) can
be written as 8m + n1 + n2 + n3 + n4 where (1) m is an odd prime power >11,
and (2) for 16i64, we have 06ni6m and either ni 2 f0; 1; 17; mg or 86ni615.
Therefore, by truncating 4 groups of a TD(12; m) to sizes ni (i=1; : : : ; 4) we obtain a
(t; K; 1)-PBD with K = f8; 9; 10; 11; 12; m; n1; n2; n3; n4gF-set. Again apply Theorem
4.4, giving points a weight of 7. The case where t = 103 is also easily handled, since
it is an odd prime power.
Summarizing the results of this subsection, we have the following result, which is
an alternative form of Theorem 1.3.
Theorem 4.8. If t 2 f0; 1; 8; 9; 10; 11; 12; 13; 14; 15; 17; 19; 20; 21; 22; 23; 25; 27; 29; 31; 33;
36; 37; 41; 43; 47; 49; 50; 53; 57; 59; 61; 64; 65; 67; 71; 72; 73; 74g or t>78; then t 2 F-set.
4.3. (7; 6)-RGDDs of type 7t
Many known recursive constructions for RGDDs with index > 1 are based on
frames; (Theorem 4.14 below is one of the exceptions). These constructions are gen-
erally based on some form of the following theorem:
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Theorem 4.9. Suppose there is a (k; )-frame of type (mt1; : : : ; mtn). Supposed also
w>1 and for 16i6n − 1; there exists a (k; )-IRGDD of type m(ti+w) missing a
(k; )-RGDD of type mw; plus a (k; )-RGDD of type mtn+w. Then there exists a
(k; )-RGDD of type mv where v= w +
P
16i6n ti.
In this section we will establish that a (7; 6)-RGDD of type 7t exists for all t>80.
The following lemma summarizes the constructions of Section 2.
Lemma 4.10. If t 2 f9; 10; 13; 14; 20g; then a (7; 6)-RGDD of type 7t and a (7t; 7; 6; 7)-
IRBIBD exist.
We also have:
Lemma 4.11. If t  1mod 7 and t 62 f183; 246; 267; 274; 295g; then a (7; 6)-RGDD of
type 7t exists.
Proof. First we need a resolvable holey TD6(7; t) of type 1t which is equivalent to
an RTD6(7; t) with 6 identical resolution classes removed. For t 6= 15; 22, existence
of such a design follows from that of an RTD(7; t), noting that an RTD(7; 36) was
recently constructed by the rst author. For t=15, we can take 2 copies of a resolvable
holey TD3(7; 15) of type 115 over Z7Z15. This design was given in [8, Example 3:4:9];
its base blocks are f(y; 1); (2y; 2); (3y; 3); (4y; 5); (5y; 6); (6y; 9); (0; 11)g for 16y66,
to be cycled mod (7; 15). Each of these 6 base block generates 7 resolution classes.
The blocks in the deleted resolution classes are Z7  fig for i 2 Z15.
Similarly, for a resolvable holey TD6(7; 22) of type 122, we take 3 copies of the
following resolvable holey TD2(7; 22) of type 122, whose point set is Z7Z22. Its base
blocks to be cycled mod (7; 22) are given below:
f(0; 0); (1; 18); (2; 8); (3; 16); (4; 4); (5; 9); (6; 11)g;
f(0; 0); (1; 14); (2; 6); (3; 8); (4; 15); (5; 21); (6; 19)g;
f(0; 0); (1; 1); (2; 18); (3; 11); (4; 8); (5; 17); (6; 6)g;
f(0; 0); (1; 6); (2; 14); (3; 10); (4; 19); (5; 12); (6; 9)g;
f(0; 0); (1; 4); (2; 2); (3; 3); (4; 16); (5; 6); (6; 5)g;
f(0; 0); (1; 3); (2; 8); (3; 18); (4; 17); (5; 21); (6; 6)g:
Having obtained a resolvable holey TD6(7; t) of type 1t , we leave all but one of its
resolution classes unaltered. We then construct a (t; 7; 6)-NRD on each of its groups
Gi; i = 0; : : : ; 6. Each block B in the nal resolution class of the resolvable holey TD
is then combined with the near resolution classes in the NRDs on Gi (i = 0; : : : ; 6)
missing the unique point in B\Gi. This gives a (7; 6)-RGDD of type 7t in which the
groups are the holes in the resolvable holey TD.
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Corollary 4.12. If t 2 f1; 8; 15; 22; 29; 36; 43; 50; 57; 64; 71; 78g; then a (7; 6)-RGDD of
type 7t exists.
Remark 4.13. It is worth noting that we included t = 1 in Corollary 4.12; this design
has no blocks, but we included it to emphasize it as a valid subdesign.
Although it gives us no (7; 6)-RGDDs that we cannot obtain by other means, it is
worth mentioning that the extension of a construction of Ray{Chaudhuri{Wilson [12],
(also given in [4, VIII.2.2]), that was used in [3] to produce (5; 2)-RGDDs of type 5q
also gives:
Theorem 4.14. If q  1mod 14 is a prime power; then a (7; 3)-RGDD of type 7q
exists.
Most constructions in this section are based on some form of the following theorem:
Theorem 4.15. Suppose there exists a (K; 1)-GDD on v − 1 points with group sizes
in G. If K F-set; and G + 1D-set; then v 2 D-set.
Proof. We can give the points of the GDD weight 7 in Theorem 4.4, using (7; 6)-frames
of type 7k for all k 2 K F-set; we can then apply Theorem 4.9, adding 7 innite
points and using (7; 6)-RGDDs of type 7g+1 for g 2 G for the ll in.
The next few lemmas provide some useful special cases of this theorem. Recall that
B(k) = fv: a(v; K; 1)-PBD existsg.
Lemma 4.16. If t 2 B(f8; 9; 10g); then t 2 D-set.
Proof. Deleting one point from a (t; f8; 9; 10g; 1)-PBD and using the deleted point
to dene groups gives a (K; 1)-GDD on t − 1 points with K = f8; 9; 10g and group
sizes in G = f7; 8; 9g. Since K F-set and G + 1D-set, the result follows from
Theorem 4.15.
In [6] it was noted that t 2 B(f8; 9; 10g) if either t 2 f64; 65; 72; 73; 74g; 806t6100
or t>583. This gives us the following corollary:
Corollary 4.17. If t 2 f64; 65; 72; 73; 74g or 806t6100 or t>583; then t 2 D-set.
Colbourn and Ling [6] quoted the proof for f93; 94; 95gB(f8; 9; 10g). However,
on page 21 of [10], it appears that the proof for f93; 94; 95gB(f8; 9; 10g) works for
91; 92; 93 instead of 93; 94; 95. Hence we give here a revised proof for these values:
Lemma 4.18. If 916t695; then t 2 B(f8; 9; 10g).
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Proof. A cyclic 133 point projective plane of order 11 exists; a suitable base block
for this design is B= f1; 11; 16; 40; 41; 43; 52; 60; 74; 78; 121; 128g. Any 2 blocks in this
design have 1 common point, so on any 4 lines, no 3 of which contain a common
point, there will be 6 points of intersection, the corner points, and 42 distinct points.
Deleting these 42 points gives a (91; f8; 9; 10g; 1)-PBD; blocks in this design with 0; 1
and 2 corner points have sizes 8; 9 and 10, respectively. In some cases it is also possible
to add back t64 points, at most 1 from each deleted block, so that 8; 9; 10 are still
the only block sizes. This will be the case if (1) no point added back lies on a line
containing 2 corner points and (2) no 2 points added back lie on a block containing
a corner point. It is easy to check that if we take B + 131; B + 121; B + 101, and
B+47 as the 4 deleted blocks, then 9; 28; 42; 48; 58; 132 are the 6 corner points and the
required conditions are satised if we add back the points 4; 11; 14; 35. Adding back t
of these gives a (91 + t; f8; 9; 10g; 1)-PBD, as required.
The next two lemmas can be used to produce (7; 6)-RGDDs of type 7t for most
values of t in the range [101; 582]:
Lemma 4.19. Suppose t=8m+n1+n2 where m is an odd prime power >9; 06n16m;
16n26m; n1 2 F-set and n2 2 D-set. Then t 2 D-set.
Proof. Start with a TD(10; m), truncate two groups to sizes n1 and n2 − 1, and
use a deleted point from the group of size n2 − 1 to redene groups. This gives a
(K; 1)-GDD on t− 1 points with block sizes from K = f8; 9; 10; n1; mg and group sizes
from G = f8; 9; n2 − 1g. Since K F-set and G + 1D-set, the result follows from
Theorem 4.15.
Lemma 4.20. Suppose t=8m+n1+1 where m is an odd prime power >8+n1; n1>0;
and 8 + n1 2 F-set. Then t 2 D-set.
Proof. Start with a TD(8+n1+1; m), and delete all points in groups 9; 10; 11; : : : ; 8+n1
except those in a given block, say B0. Delete all points in the 8+ n1 + 1’th group and
use the blocks passing through one point p 62 B0 from this group to redene groups.
This gives a (K; 1)-GDD on t − 1 points with K = f8; 9; 8 + n1; mg and group type
9n18m−n1 , so G=f8; 9g. Again, K F-set and G+1D-set so the result follows from
Theorem 4.15.
Note that Lemma 4.20 with 06n165 gives a (7; 6)-RGDD of type 7t for any t
in the range [8m + 1; 8m + 6] whenever m is an odd prime power >13. For 8m +
76t610m, Lemma 4.19 generally works more eectively. Note that in Lemma 4.19,
n1 (6m) can be any value in the set f0; 1; 20; 21g, in the range [8,15] or any odd
prime power >9 by Lemma 4.6. In addition n2 (6m) can be any value in the set
f1; 7; 8; 9; 10; 13; 14; 15; 20; 29g by Lemma 4.10 and Corollary 4.12. From these results
one can establish that for m an odd prime power >13, Lemma 4.19 can always be
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used to obtain a (7; 6)-RGDD of type 7t for t in the range [8m + 7; 8m + 26] and
frequently for larger t. For instance, if m>31, it works for 8m+ 76t68m+ 52.
Lemma 4.21. If 1036t6582 and t is not in the range [131; 136]; then t 2 D-set.
Proof. Use Lemmas 4.19 and 4.20 with the values of m indicated below. Lemma 4.20
is used for 8m+ 16t68m+ 6 and Lemma 4.19 for t>8m+ 7.
m 8m Range for t
11 88 [103; 104]
13 104 [105; 130]
17 136 [137; 167]
19 152 [153; 185]
23 184 [185; 221]
27 216 [217; 259]
31 248 [247; 300]
37 296 [297; 348]
41 328 [329; 380]
47 376 [377; 428]
53 424 [425; 476]
59 472 [473; 536]
67 536 [537; 588]
Lemma 4.22. If 1316t6136; then t 2 D-set.
Proof. Write t=120+x; 116x616. Start with a (120; 8; 1)-RBIBD (see, for example,
[8, Corollary 3:1:6]) and for x 6= 16 add x innite points to distinct resolution classes.
Then delete one non-innite point and use its blocks to dene groups. This gives a
(K; 1)-GDD on t− 1 points with K = f8; 9; xg and group type 8x717−x. Since x 2 F-set
for 116x615, we have K F-set, G+1D-set, and we can again use Theorem 4.15.
For x=16, we add 17 innite points to a (120; 8; 1)-RBIBD, one to every resolution
class. We then delete two non-innite points and use the blocks containing one of them
to dene groups. This gives a (f8; 9; 17g; 1)-GDD of type 81671. Again use Theorem
4.15.
Lemma 4.23. If 1006t6103; then t 2 D-set.
Proof. Start with a TD(12; 11), delete 3 blocks and the points on them so that the 3
points of intersection lie in groups 10, 11 and 12, respectively. This gives a (f9; 10; 11g;
1)-GDD of type 8993. For x63, if we add back x points, at most one from each deleted
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block, so that no two points added back lie in the same group and none of them lie
in groups 10, 11 or 12, then we obtain a (f9; 10; 11; 12g; 1)-GDD on 99 + x = t − 1
points of type 89−x93+x. Once again, use Theorem 4.15.
The nal lemma in this subsection deals with values in the range t < 80 which were
not covered by Corollary 4.12 or Lemma 4.16:
Lemma 4.24. If t 2 f7; 21; 28; 35; 42; 49; 55; 56; 63; 70; 77; 79g; then t 2 D-set.
Proof. For t = 7, we even have a (7; 1)-RGDD of type 77 given by AG(2; 7). For
t=21; 28; 35; 42; 49; 56; 63; 70; 77, inating a (7; 6)-RGDD of type 1t with an RTD(7; 7)
gives a (7; 6)-RGDD of type 7t . The required input designs come from [1] for t = 21,
[8, Lemma 4:5:2:1] for t=28, and Lemmas 2.2, 2.7, 2.8, 4.11 for the other values. For
t = 55 inate a (7; 1)-frame of type 68 with an RTD(7; 8) to obtain a (7; 1)-frame of
type 488; add an innite point to obtain a (385; 7; 1)-RBIBD. Deleting one resolution
class and taking 6 copies of the resulting design then gives a (7; 6)-RGDD of type 755.
For t = 79, truncating one group of a TD(9; 9) to size 6 gives an (f8; 9g; 1)-GDD of
type 9861; now apply Theorem 4.9.
Summarizing the results of this subsection, we have the following theorem:
Theorem 4.25. If t 2 f0; 1; 7; 8; 9; 10; 13; 14; 15; 20; 21; 22; 28; 29; 35; 36; 42; 43; 49; 50; 55;
56; 57; 63; 64; 65; 70; 71; 72; 73; 74g or t>77; then t 2 D-set.
This theorem is an alternative form of Theorem 1.4.
4.4. (v; 7; 6)-RBIBDs
In Section 2, we found a number of small designs which will be useful for several
recursive constructions provided in this subsection. The following theorem summarises
the most important of the known small designs:
Lemma 4.26. (1) f3; 4; 5; 6; 11; 16gR-set.
(2) 2 62 R-set.
(3) D-set R-set; furthermore if t 2 D-set; then a (7t; 7; 6; 7)-IRBIBD exists.
Proof. For t 2 f2; 4g, see [8, Lemmas 4:5:2:1 − 2]; for t = 3, see [1]; for t 2
f5; 6; 11; 16g, see Lemmas 2.7 and 2.8. If t 2 D-standard, not emphasized, we can
simply ll in the groups of a (7; 6)-RGDD of type 7t , with 6 copies of each group,
providing t disjoint (7; 7; 6)-RBIBD subdesigns.
Our basic construction for using frames to obtain RBIBDs is the following theorem:
Theorem 4.27. Suppose there is a (k; )-frame of type (t1; : : : ; tn). Suppose also there
exist a (ti + w; k; ;w)-IRBIBD for i = 1; : : : ; n− 1; plus a (tn + w; k; )-RBIBD; and
w>1. Then there exists a (v; k; )-RBIBD where v= w +
P
16i6n ti.
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The following theorem also gives us some RBIBDs:
Theorem 4.28 ([8, p. 126]). Suppose v= u  n where a (u; 7; 6)-RBIBD and an RTD
(7; n) both exist. Suppose also; an (n; 7; 6)-RBIBD or an (n; 7; 6)-NRD exists. Then
a (v; 7; 6)-RBIBD exists.
Corollary 4.29. If t 2 f24; 32; 40; 48g; then a (7t; 7; 6)-RBIBD exists.
Proof. Apply Theorem 4.28: write t = 8x and use u= 7x and n= 8.
Theorem 4.30. If t 2 f44; 45; 46; 47; 51; 52; 53; 54g; then a (7t; 7; 6)-RBIBD exists.
Proof. Use Theorem 3.1 with m=7; n=41 or 48, w  6mod 7, 66w6n and w 6= 13.
A (48; 8; 1) dierence matrix over Z3  GF(16) has been constructed by Wojtas [14];
this can easily be used to obtain an RTDL(7; 48) over Z3  GF(16). The required
1-rotational (42; 7; 6) and (49; 7; 6) RBIBDs over Z41 and Z3  GF(16) are given in
Lemmas 2.7 and 2.8.
Theorem 4.31. Suppose a (v; 8; 1)-RBIBD exists; 16h6(v − 1)=7 and h 2 R-set.
Then a (7t; 7; 6)-RBIBD exists for t = v+ h.
Proof. Add one point to each of h − 1 resolution classes in the (v; 8; 1)-RBIBD, and
use a further resolution class to dene groups to give an (f8; 9g; 1)-GDD of type
8v=8(h − 1)1. Give points of this GDD weight 7 and use Theorem 4.4 together with
(7; 6)-frames of type 7t ; t=8; 9 to give a (7; 6)-frame of type 56v=8(7(h−1))1. Since a
(63; 7; 6; 7)-IRBIBD exists as well as a (7h; 7; 6)-RBIBD, we can apply Theorem 4.27
to obtain (7t; 7; 6)-RBIBDs for t = v+ h.
Corollary 4.32. If 676t671; then a (7t; 7; 6)-RBIBD exists.
Proof. Apply Theorem 4.31 with v= 64 and 36h67.
Theorem 4.33. If t 2 f23; 31; 39; 58g; then a (7t; 7; 6)-RBIBD exists.
Proof. All these constructions start with a frame, use an RTD in Theorem 4.5 to
produce a new frame, as follows: for t = 23, inate a (7; 3)-frame of type 48 from
Lemma 2.10 with an RTD2(7; 5) from [5, IV.11.45] giving type 208; for t=39, inate
a (7; 3)-frame of type 28 from [8, Lemma 4:5:1:7] with an RTD(7; 17) giving type 348;
for t = 31 or 58, inate a (7; 6)-frame of type 18 or 115 with an RTD(7; 27) giving
type 278 or 2715. Finally, add an innite point to this new frame using Theorem 4.27
with w = 1 to get the design.
Theorem 4.34. If 756t679; then a (7t; 7; 6)-RBIBD exists.
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Proof. Truncate one group in TD(9; 9) to size a where 26a66. This gives an (f8; 9g;
1)-GDD of type 98a1. Giving all points in this GDD weight 7 and using Theorem 4.4
together with (7; 6)-frames of type 7t ; t=8; 9, we obtain a (7; 6)-frame of type 638(7a)1.
Since there exist a (7m; 7; 6; 7)-IRBIBD for m=10 and a (7a+7; 7; 6)-RBIBD the result
again follows from Theorem 4.27 with w = 7.
Summarizing the results of this subsection, we have the following theorem:
Theorem 4.35. If t 62 f2; 12; 17; 18; 19; 25; 26; 27; 30; 33; 34; 37; 38; 41; 59; 60; 61; 62; 66g;
then t 2 R-set.
This theorem is given in an alternative form in Theorem 1.1.
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